Abstract. We give an intrinsic parametrisation of the set of tamely ramified extensions of a local field and bring to the fore the role played by group cohomology. We show that two natural definitions of the cohomology class of a tamely ramified finite galoisian extension coincide, and can be recovered from the parameter. We also give an elementary proof of Serre's mass formula in the tame case and in the simplest wild case, and we classify galoisian extensions of degree the cube of a prime (different from the residual characteristic).
We begin by recalling some basic facts about cohomology of groups in §1 and apply them to the cohomology of finite fields in §2, where we verify an important compatibility between two different definitions of the cohomology class of an extension of a cyclic group by a cyclic group. We then recall in §3 some basic properties of the Kummer pairing such as its equivariance. The fundamental notion of ramified lines is introduced in §4. In §5 we parametrise the set T e,1 (K) and give a proof in the spirit of [3] of Serre's mass formula in degree e (and also in degree ep when combined with the results of [3] ). We then provide in §6 an analogue in degree e (prime to p) of the orthogonality relation in prime degree [3] . In §7, we give the parametrisation of T e,f (K) and show how the various invariants of an L ∈ T e,f (K) can be recovered from its parameter, and work out a number of instructive examples.
Our main contribution has thus been an intrinsic presentation of the material, without making any choices of uniformisers or roots of unity. This text may also serve to illustrate the general problem of classification or parametrisation of all finite separable extensions of a given local field by showing how it can be solved in the simple case of tame ramification.
Cohomology of groups
For a group G and a G-module C with action θ : G → Aut(C), we recall the definitions and some functorial properties of the groups H 1 (G, C) θ and H 2 (G, c) θ ; the first one classifies sections of the twisted product C → C × θ G → G up to C-conjugacy and the second one classifies extensions of G by C. We also recall how these groups are computed when G is cyclic, and give a presentation of every extension of G by C when moreover C is also cyclic. For an account of group cohomology by one of its creators, see [4] .
So most readers can skip this §, except perhaps (1.8 ) where we compute the number of G-orbits in C (when both groups ar cyclic) -this is the key to Roquette's determination of the cardinality of the set T e,f (K) of tamely ramified extensions of K with given ramification index e and given residual degree f ( §7).
The group H 2 (G, C) θ
Let G be a group and C a G-module, both written multiplicatively, and θ : G → Aut(C) the action of G on C ; one often writes θ(g)(c) = g.c for g ∈ G and c ∈ C. An extension of G by C is a short exact sequence 1 → C → Γ → G → 1 such that the resulting conjugation action of G on C is equal to the given action θ. Two extensions Γ, Γ ′ of G by C are isomorphic if there is an isomorphism of groups Γ → Γ ′ inducing Id C on the common subgroup C and Id G on the common quotient G. Isomorphism classes of extensions of G by C are classified by the group H 2 (G, C) θ . The class [Γ] ∈ H 2 (G, C) θ vanishes if and only if the extension Γ is split in the sense that the projection Γ → G admits a section. Recall that an extension is split if and only if it is isomorphic to the twisted product C × θ G, the product set C × G with the law of composition (c, g)(d, h) = (cθ(g)(d), gh) = (c(g.d), gh), so that 1 = (1, 1) and (c, g) −1 = (θ(g −1 )(c −1 ), g −1 ) = (g −1 .c −1 , g −1 ).
The group H 1 (G, C) θ
The group H 1 (G, C) θ can be identified with the group of outer automorphisms of any extension Γ of G by C (the group of automorphisms of the extension Γ modulo the subgroup of inner automorphisms by an element of C). If the action θ is trivial, then H 1 (G, C) 1 = Hom(G, C). When Γ = C × θ G, the group H 1 (G, C) θ can be identified with the set of sections of the projection Γ → G up to C-conjugacy, which in turn can be identified with the set of supplements of C in Γ (subgroups D ⊂ C × θ G such that C ∩ D = 1, CD = Γ) up to Γ-conjugacy (or C-conjugacy, which comes to the same).
The restriction map in general
Let G be a group and C a G-module. Let ϕ : G ′ → G be a morphism of groups ; it allows us to view the G-module C as a G ′ -module via g ′ .c = ϕ(g ′ ).c for every g ′ ∈ G ′ and every c ∈ C. Let C ′ be a G ′ -module (with action θ ′ ), and let ψ : C → C ′ be a morphism of G ′ -modules. The pair (ϕ, ψ) induces a map H i (G, C) θ → H i (G ′ , C ′ ) θ ′ on cohomology called the restriction map.
For i = 1, it sends the class in H 1 (G, C) θ of a section g → (σ(g), g) of the projection C × θ G → G to the class in
For i = 2, the restriction map H 2 (G, C) θ → H 2 (G ′ , C) θ•ϕ coming from the pair (ϕ, Id C ) (where ϕ is a morphism G ′ → G of groups) sends the class of the extension 1 → C → Γ → G → 1 to the class of the extension Γ ϕ of G ′ by C consisting of those (γ, g ′ ) ∈ Γ × G ′ such thatγ = ϕ(g ′ ) in G.
When C, C ′ are G ′ -modules (with actions θ, θ ′ ) and ψ : C → C ′ is a morphism of G ′ -modules, the restriction map H 2 (G ′ , C) θ → H 2 (G ′ , C ′ ) θ ′ coming from the pair (Id G ′ , ψ) sends the class of an extension Γ ′ of G ′ by C to the class of the extension
The general case reduces to these two special cases, and is illustrated by the diagram
In the special case when ϕ : G ′ → G is surjective and C ′ = C, the restriction map is called the inflation map.
The case of cyclic groups
Recall how the groups H 1 (G, C) θ and H 2 (G, C) θ can be computed when G is cyclic of order n > 0. Let σ be a generator of G, and denote the automorphism θ(σ) of C simply by σ. Define the element N σ = 1 + σ + · · · + σ n−1 in the group ring Z[G] (over which C is a left module via θ), so that N σ (σ − 1) = 0 and (σ − 1)N σ = 0 (since σ n = 1), and we have the complex
The cohomology groups of this complex are canonically isomorphic to H 1 (G, C) θ and H 2 (G, C) θ respectively. In other words, the kernels and the images of the maps in (1.4.1) are independent of the choice of σ and
(with a slight abuse of notation). In particular, if the action is trivial
Let G ′ be another cyclic group, ϕ : G ′ → G a surjective morphism of groups, and σ ′ a generator of
is simply given by restriction to subgroups and passage to the quotient from the map ψ : C → C ′ .
The case of cyclic modules
Specialise further to the case when C is also cyclic, of some order m > 0, and let a > 0 be such that θ(σ) =ā in (Z/mZ) × (so that a n ≡ 1 (mod. m) or equivalently m | a n − 1). The orders of the cyclic groups H 1 (G, C) a and H 2 (G, C) a can then be computed in terms of a, m and n because for every r ∈ N, the order of the kernel r C (resp. the image C r ) of the endomorphism ( ) r of C is gcd(m, r) (resp. m/ gcd(m, r)). Taking r = a−1 and r = 1 + a + · · · + a n−1 respectively gives the result.
To get a presentation of the extension Γ of G by C corresponding to a given class in H 2 (G, C) a , choose generators τ ∈ C, σ ∈ G (using which identify the given class as the class of an element s ∈ Z/mZ such that (a − 1)s ≡ 0 (mod. m) (modulo those which are ≡ (1 + a + · · · + a n−1 )t for some t ∈ Z/mZ)) ; for a suitable liftσ ∈ Γ of σ, we then have
For a direct derivation of this presentation, and an elementary proof of the fact that the extensions of G by the G-module C corresponding to s, s ′ ∈ Z/mZ (such that (a−1)s ≡ 0 (mod. m) and (a−1)s ′ ≡ 0 (mod. m)) are isomorphic if and only if s and s ′ have the same class in the sense that s ′ − s ≡ (1 + a + · · · + a n−1 )t for some t ∈ Z/mZ, see for example [10, 9.4]. Remark 1.5.2 In particular, the extension 1 → C → Γ → G → 1 (1.5.1) splits if and only if s ≡ (1 + a + · · · + a n−1 )t (mod. m) for some t ∈ Z/mZ. Example 1.5.3 Take n = 2 and m = 4. The possibilities for a (mod. 4) are 1 and 3. When a = 1, we have H 2 (G, C) 1 = C/C 2 , and the two extensions Γ (1.5.1) are the direct product C × G and the one in which the group Γ is cyclic (of order 8). When a = 3, we have H 2 (G, C) 3 = 2 C, the split extension is the twisted product C × 3 G (1.1 ) and called the dihedral group D 8 of order 8, while the one which is not split is called the quaternionic group H 8 . Remark 1.5.4 In the presentation (1.5.1) for H 8 , one has m = 4, s = n = 2 and a = 3. The centre Z of H 8 is generated by the involutioñ σ 2 = τ 2 , and the quotient H 8 /Z is an elementary abelian 2-group (an F 2 -space) of rank 2, so H 8 also represents a class in H 2 (H 8 /Z, Z) 1 . As the extension 1 → Z → H 8 → H 8 /Z → 1 is not split, the said class does not vanish.
Commutativity and cyclicity of the extension
Let us determine the order ofσ in Γ (1.5.1), and the conditions for Γ to be commutative, or the direct product of C and G, or cyclic. The ideas are as in [1] but our presentation is simpler and shows that the proofs are applicable to all extensions Γ (and not just to those coming from tamely ramified galoisian extensions of local fields). Remark 1.6.1 Although s is not uniquely determined as a number, r = gcd(m, s) is uniquely determined ; m/r is the order of τ s in the group Γ. We claim that the order of the elementσ ∈ Γ (1.5.1) is mn/r. Indeed, the order ofσ is a multiple dn of the order n of its image σ ∈ G ; we have to show that d = m/r. Now, from the relationσ n = τ s , it follows that σ dn = τ ds = 1, so d is a multiple of the order of m/r of τ s . But conversely, it follows fromσ mn/r = τ ms/r = 1 that dn divides mn/r and therefore d divides m/r. Hence d = m/r, and the order ofσ is mn/r. Remark 1.6.2 Note that the group Γ (1.5.1) is commutative if and only if τ andσ commute, which happens precisely when a ≡ 1 (mod. m), in view of the relations τ m = 1,στσ
Remark 1.6.3 Suppose that a ≡ 1 (mod. m), so that Γ is commutative. In this commutative case, the extension (1.5.1) has a section G → Γ (and consequently Γ is the internal direct product of C and the image of the section) if and only if s ≡ 0 (mod. gcd(m, n)). Indeed, this condition is equivalent to the existence of a t ∈ Z/mZ such that nt ≡ s (mod. m), which is equivalent to s ≡ (1 + a + · · · + a n−1 )t (mod. m) in view of a ≡ 1 (mod. m), which is equivalent to the existence of a section G → Γ by (1.5.2).
For every prime l and every integer x = 0, we denote by v l (x) the exponent of l in the prime decomposition of x ; for a fixed x, we have v l (x) = 0 for almost all l. We have remarked (1.6.1) that the s in (1.5.1) is not uniquely determined as a number, but some properties such as being prime to gcd(m, n) are independent of any particular number representing s. One may wish to fix some such representative. The following proposition has been extracted from [1, Theorem 13] and the proof has been simplified. PROPOSITION 1.6.4. -Suppose that a ≡ 1 (mod. m). The (commutative) group Γ is cyclic if and only if s is prime to gcd(m, n).
Proof. Suppose first that s is prime to gcd(m, n) ; we have to find an element of order mn in Γ. The idea is to find an element γ l ∈ Γ of order l v l (mn) for every prime l in each of the three (exhaustive) cases
and is prime to s, so gcd(m, s) is prime to l and m/ gcd(m, s) is divisible by l v l (m) . Consequently, mn/ gcd(m, s) is divisible by l v l (mn) , and hence there is an element γ l ∈ Γ of order l v l (mn) , in view of the fact that the order ofσ ∈ Γ is mn/ gcd(m, s) by (1.6.1). Even if v l (m) = 0 (so that v l (mn) = v l (n)), the subgroup (of order a multiple of n) generated byσ has an element γ l of order l v l (mn) . Finally, if v l (n) = 0, then the subgroup (of order m) generated by τ has an element γ l of order l v l (m) = l v l (mn) . These γ l are trivial for almost all l (because v l (mn) = 0 for almost all l), so their product over all l exists, is independent of the sequence of the factors because Γ is commuative by (1.6.2), and has order mn.
Conversely, suppose that the group Γ is cyclic, so that
is also cyclic and has order l v l (mn) for every prime l. Suppose (if possible) that there is a prime l dividing all three numbers m, s, n ; we shall get a contradiction by showing that Γ l would then have order < l v l (mn) . This follows from the fact that it is generated by the pairτ ,σ ∈ Γ l (images of τ andσ respectively) each of which has order < l v l (mn) , because
by hypothesis (recall that the order ofσ is mn/ gcd(m, s) by (1.6.1)).
The inflation map in the bicyclic case
Let G be a cyclic group of order n with generator σ, and make it act on a cylic group C of order m and generator τ by σ → ( ) a for some a ∈ (Z/mZ) × such that a n ≡ 1. We have seen that the group H 2 (G, C) a can be identified with the kernel a−1 C of ( ) a−1 : C → C modulo the image of ( )
Let G
′ be another cyclic group, of order cn for some c > 0, let σ ′ be a generator of G ′ , and let ϕ :
As before, the group H 2 (G ′ , C) a can be identified with the kernel a−1 C of ( ) a−1 : C → C modulo the image of ( ) 1+a+···+a cn−1 : C → C. Notice that, when a > 1, 
in which the vertical arrows are the passage to the quotient. We claim that the lower horizontal arrow is the restriction map (1.3 ) coming from the pair (ϕ, Id C ).
Proof. Let a class in H 2 (G, C) a be represented by an extension Γ of G by C having the presentation τ,σ | τ
We then haveσ ′cn = (σ cn , σ ′cn ) = (τ cs , 1) = τ cs and we are done, because Γ ′ admits the desired presentation
with cs as the exponent of τ in the second relation where the presentation (1.5.1) for Γ had s. (The exponent cn ofσ ′ in the said relation is the order of G ′ , just as the exponent n ofσ in (1.5.1) was the order of G.) Remark 1.7.3 When we take c to be the order of a class in H 2 (G, C) a , the corresponding extension of G ′ by C splits. When we take c to be the order of the group H 2 (G, C) a , the inflation map is trivial.
The number of orbits
The following lemma captures one of the basic ingredients in Roquette's computation [8, ch. 16 ] of the number of tamely ramified extensions of a given ramification index and a given residual degree (7.2.4). LEMMA 1.8.1. -Let C be a cyclic group of order m, written multiplicatively. Let a > 0 be prime to m, and make Z act on C by 1 → ( ) a . Then the number of orbits is t|m φ(t)/χ a (t), where χ a (t) denotes the order of a in the group (Z/tZ) × of order φ(t).
Proof. Notice that if x, y ∈ C are in the same orbit, then they have the same order in C. The possible orders are the divisors of m ; for each divisor t of m, there are φ(t) elements of order t. It is therefore sufficient to show that the orbit of an order-t element has χ a (t) elements.
Indeed, if x has order t in C, and if its orbit consists of the r elements x, x a , . . ., x a r−1 , then r is the smallest integer > 0 such that x a r = x, which is the same as saying that r is the smallest integer > 0 such that a r ≡ 1 (mod. t), so r equals the order χ a (t) ofā in (Z/tZ) × .
Cohomology of finite fields
The purpose of this § is to apply the results of §1 to some galoisian modules arising from finite fields. The main result here is the compatibility (2.3.1) between two different ways of defining the cohomology class of an extension of a cyclic group by a cyclic group ; it could have been included in §1 but the formulation here is what will be needed later.
Let p be a prime number, k a finite extension of F p with q elements, and k f the degree-f extension of k (for every f > 0) ; it is galoisian over k, and the group G f = Gal(k f |k) is cyclic of order f , with a canonical generator σ which acts on the the cyclic group k
whenever cd = q f − 1 and the discussion in (1.4 ) it follows, upon taking d = q − 1 and
. Let e > 0 be an integer which divides q f − 1 (and which is therefore prime to p). We are interested in the groups H
is the group of e-th roots of 1 in k
f gives rise to a class in the H 2 of each of these G f -modules and prove the compatibility of these classes under the natural isomorphism k
The number of orbits
For the time being, let e > 0 be any integer prime to p, and recall
Let us first compute the number of orbits for the galoisian action of G f on this group.
Remark 2.1.1 As an immediate consequence of lemma 1.8.1, the number of orbits for the G f -action on k
The classes in
But there is also a way to attach a class in
) q to suchξ which was inspired by [7, 6 .1] Suppose that ξ q−1 = α e for some α ∈ k × f , and put ζ = N f (α), where
In other words, ζ is in the kernel of ( )
) q is uniquely determined by ξ and does not depend on the choice of α.
The compatibility of the two classes
Suppose that e | q f − 1. Observe that the two groups k
are cyclic of the same order e and they are canonically isomorphic as G f -modules byξ → ξ (q f −1)/e . Therefore we get a canonical isomorphism
Proof. Put S = 1 + q + · · · + q f −1 . Notice first that the condition
is equivalent to x(q − 1) ≡ 0 (mod. e), and the condition ξ (q f −1)/e ∈ k × is equivalent to x(q f − 1)/e ≡ 0 (mod. S). But these two congruences are equivalent (and are clearly satisfied when ξ ∈ k × ; they might sometimes be satisfied even by some ξ / ∈ k × ).
We have to show that N f (α) = α S and β S , which are both in the kernel of the endomorphism
, which was to be proved.
The inflation map
Continue to suppose that
The reader may wish to compare the following lemma with [6, Satz 3.6].
Proof. Clearly, f ′ being a multiple of f , the relationξ
The result follows from the fact that the degree of the extension k f ( e ξ q−1 ) over k f equals d.
Next, it is clear that the map k
and hence k 
is " raising to the exponent c " in the sense that if we choose a generator ω c ∈ k
(in which the vertical arrows identify the G cf -modules in question with Z/eZ using the generatorsω,ω c , and where the canonical generator ( ) q of G cf acts on Z/eZ as " multiplication by q ") is commutative. Indeed, since q f ≡ 1 (mod. e), we have
as a G cf -module via its quotient G f ), and hence induces the inflation map
It is clear that if we take c = e, then this map is 0 ; indeed the map k
ef is trivial, as we have just remarked.
Proof. This follows from the fact that for every divisor c of e, the map ι : We need to recall some basic facts about abelian extensions of exponent dividing d of a field F which contains a primitive d-th root of 1 and which is finite galoisian over some other field F ′ .
Background
Let F be a field and d > 0 an integer such that the group
Essentially as a consequence of the Hilbert-Noether vanishing theorem for a certain H 1 (Satz 90), the maximal abelian extension of F of exponent dividing
, and there is a perfect pairing
between the profinite group Gal(M|F) and the discrete group F ×d , the pairing (3.1.1) gives an isomorphism of (profinite) groups Gal(F(
Equivariant pairings
Now suppose that F is itself a finite galoisian extension of some field
|F) may be considered as a G-module for the conjugation action coming from the short exact sequence
Proof. Suppose first that D is G-stable. We have to show that F( 
, so this extension is galoisian over F ′ .
Conversely, suppose that F(
is galoisian over F ′ , and letσ be an extension of some σ ∈ G to an F ′ -automorphism of F(
, and hence D is G-stable.
Finally, to check that the isomorphism Gal(F( G-stable) is G-equivariant, it is enough to check that the pairing ϕ : Gal(F(
for every τ ∈ Gal(F(
and every x ∈D.
Remark 3.2.3 For some examples where the class in H 2 of the extension (3.2.1) can be explicitly computed, see [13] . At least when F ′ is a local field, F is unramified over F ′ , and d is prime to the residual characteristic, we will see ( §7) how to recover this class from the G-module D.
Orbits and equivalence
As before, let F ′ be a field, F a finite galoisian extension of F ′ of group G = Gal(F|F ′ ), and d > 0 an integer such that µ d ⊂ F × has order d. Although it may very well be that the set of abelian extensions of F of exponent dividing d up to F ′ -isomorphisms is in natural bijection with the set of orbits for the action of G on the set of subgroups of F × /F ×d , we prove it only for cyclic extensions because this is the case which has the same flavour as (7.1.2). 
. Let D 1 be generated by the image of x ∈ F × , so that D 2 is generated by the image of σ(x) ; we have
Consider the (unique) F ′ -automorphismσ of F[T] such thatσ(a) = σ(a) for every a ∈ F andσ(T) = T. Composing it with the projection
×d is the subgroup generated by the image of x i . Now,σ(F) = F because F is galoisian over F ′ , and henceσ| F = σ for some σ ∈ G. Also, σ(
Ramified lines
Let us introduce the objects in terms of which we will parametrise finite separable tamely ramified extensions of our local field K. Denote by o (resp. p) the ring of integers of K (resp. the unique maximal ideal of o, so that k = o/p is the residue field of o). We have the decomposition o × = U 1 .k × in which the group of 1-units
is a Z p -module. As a result, for every integer e > 0 prime to p (and hence in Z × p ), the map ( ) e : U 1 → U 1 is a bijection, and we have the exact sequence
in whichw is induced by the normalised valuation w : K × → Z ; this extension is split by the choice a uniformiser of K, namely any element π ∈ K × such that w(π) = 1.
The definition of ramified lines
×e is called a ramified line if the restriction ofw to D → Z/eZ is an isomorphism ; ramified lines are precisely the images of sections ofw. Equivalently, they are the subgroups
Still equivalently, every ramified line is generated by the image of a uniformiser of K and conversely.
As the group K × /K ×e is commutative, the conjugation action of Z/eZ on k × /k ×e resulting from the above exact sequence is trivial, so the number of ramified lines is equal to the order of 
/k
×e with the kernel e k × of ( ) e : k × → k × . With this identification, to ξ ∈ e k × corresponds the ramified line generated by uπ for any u ∈ k × such that u q−1 e = ξ.
The galoisian action on the set of ramified lines
For every f > 0, let K f be the unramified extension of K of degree f , k f its residue field, and G f = Gal(K f |K) = Gal(k f |k). The group G f acts on the set R e (K f ) of ramified lines in K × f /K ×e f . Indeed, if D is generated by the image of a uniformiser ̟ of K f , then σ(D) is generated by the image of the uniformiser σ(̟) and hence σ(D) is a ramified line. Also, Card R e (K f ) = g f , where g f = gcd(q f − 1, e).
Every uniformiser π of K can be viewed as a uniformiser of K f ; for such uniformsiers, the bijection k
Let us compute the number of orbits for this action of G f on R e (K f ). For a divisor t of g f = gcd(q f − 1, e), let χ q (t) denote the order of q in the group (Z/tZ) × of order φ(t) ; we have χ q (t) | φ(t).
PROPOSITION 4.2.1. -The number of orbits for the
Proof. By using the G f -equivariant bijection furnished by a uniformiser of K, we translate the problem into that of computing the number of orbits for the action of G f on k 
The cohomology class of a stable ramified line, first defintion
Denote the canonical generator of G f by σ ; it acts on k × f by the automorphism ( ) q . Let π be a uniformiser of K and, viewing it as a
be the ramified line generated by the image of ξπ for some ξ ∈ k
If we replace π by some other uniformiser π ′ = uπ of K with u ∈ k × , thenξ gets replaced byξ ′ =ξū. But, as the norm map N f : k
q from the set of G f -stable ramified lines does not depend on the choice of the uniformiser π of K used in its definition.
It is clear that this map is surjective : the class
G f generated by (the image of) the uniformiser ξπ of K f , where π is any uniformiser of K.
The cohomology class of a stable ramified line, second defintion
This definition is inspired by [7, 6 .1] and assigns a class in H
If D is generated by (the image of) ξπ as before, then ξ q−1 = α e for some α ∈ k × f , as we have seen ; put ζ = N f (α). We have seen (2.2 ) that ζ defines a class in H 2 (G f , e k × f ) q which does not depend on the choice of α. Moreover, if we replace π by some other uniformiser π ′ = uπ (u ∈ k × ) of K, then ξ gets replaced by ξ ′ = ξu −1 , and then ξ ′q−1 = ξ q−1 (u −1 ) q−1 = α e , so we may use the same α for π ′ as for π. In other words, the class [ζ] depends only on the G f -stable ramified line D generated by ξπ, not the choice of the uniformiser π of K using which we attached ξ to D. We thus get a similar map
The compatibility of the two definitions
Observe that the two groups k
are cyclic of the same order g f = gcd(q f − 1, e) and they are canonically isomorphic to each other
q ; let us show that it is compatible with the two maps from R e (K f ) G f , at least when e | q f − 1, in which case g f = e. 
Proof. This follows from the preceding constructions and prop. 2.3.1.
The restriction map
Let f ′ > 0 be a multiple of f . By our notational convention, K f ′ is the degree-f ′ unramified extension of K (of group G f ′ = Gal(K f ′ |K) and residue field k f ′ ), so it is unramified of degree f ′ /f over K f . If D ∈ R e (K f ) is a ramified line, generated by the image of some uniformiser ̟ of K f , then its image in K × f ′ /K ×e f ′ is also generated by the image of ̟, which continues to be a uniformiser of K f ′ . So we have a natual map R e (K f ) → R e (K f ′ ).
Under this map, the image of a G f -stable ramified line is Proof. Write f ′ = cf . We have seen that when we choose a uniformiser π of K, the set R e (K f ) gets indentified with the group k 
Totally tamely ramified extensions.
Let us first study the set T e,1 (K) of (K-isomorphism classes of) totally ramified extensions of K of degree e (prime to p).
5.1
The parametrisation of T e,1 (K) PROPOSITION 5.1.1. -The set T e,1 (K) of totally ramified extensions of K of degree e is in canonical bijection with the set R e (K) of ramified lines in K × /K ×e . In particular, the cardinality of T e,1 (K) is g = gcd(q − 1, e).
Proof. For every uniformiser π of K, the polynomial T e −π is irreducible (Eisenstein's criterion) and the extension F( e √ π) is totally ramified of degree e. Conversely, let L|K be a totally ramified extension of degree e (so that the residue field of L is k), let π be a uniformiser of K, and write π = uξ̟ e , where u (resp. ̟) is a 1-unit (resp. uniformiser) in L, and ξ ∈ k × . Since the group of 1-units of L is a Z p -module and e ∈ Z × p , there is a (unique) 1-unit v of L such that u = v e , so the uniformiser ξ −1 π of K has the e-th root v̟ in L and therefore L = K( e ξ −1 π).
For any two uniformisers π 1 , π 2 of K, the extensions K( identifies this group with the kernel e k × of ( ) e : k × → k × . Under this parametrisation (dependant upon the choice of π), the totally ramified degree-e extension of K corresponding to ζ ∈ e k × is K(
PROPOSITION 5.1.4. -For every L ∈ T e,1 (K), the group Aut K (L) is canonically isomorphic to e k × and hence cyclic of order g = gcd(q − 1, e).
Proof. Indeed, L = K( e √ π) for some uniformiser π of K, and the Kconjugates of e √ π in L are precisely ξ e √ π, where ξ is an e-th root of 1 in
This isomorphism is independant of the choice of π. Indeed, every other uniformiser
is of the form π ′ = ε e π for some ε ∈ k × (ignoring 1-units of K, which we can). We may thus take ε e √ π for e √ π ′ , and we have
for every σ ∈ Aut K (L), which was to be proved.
COROLLARY 5.1.5. -Some L ∈ T e,1 (K) is galoisian over K if and only if e | q − 1. If so, then every L ∈ T e,1 (K) is galoisian (and indeed cyclic) over K.
Proof. A finite separable extension L of K is galoisian over K if and only if Aut
For an L ∈ T e,1 (K), this happens precisely when gcd(q − 1, e) = e (prop. 5.1.4), or equivalently e | q − 1.
Serre's mass formula in tame degrees
For the next corollary, we need to recall the statement of Serre's mass formula [12] . Let n > 0 be any integer and denote by T n,1 (K) the set of Kisomorphism classes of finite (separable) totally ramified extensions of K of ramification index n. For every L ∈ T n,1 (K), put c K (L) = w(δ L|K )−(n−1), where δ L|K denotes the discriminant of L|K. The mass formula asserts that (5.2.1)
where | Aut K (L)| is the order of the group of K-automorphisms of L.
COROLLARY 5.2.2. -Serre's mass formula (5.2.1) holds over K in every tame degree e (prime to p).
1.4) and there are g such L (5.1.1), where g = gcd(q − 1, e).
In fact we can do slightly better if we use the results of [3] where a new proof of Serre's mass formula in degree p was given. LetK be a separable algebraic closure of K, and let E ⊂K run through totally ramified extensions of degree n over K, which we express by [E] ∈ T n,1 (K). Serre [12] shows that (5.2.1) is equivalent to Proof. Let E ⊂K be a totally ramified extension of degree ep over K, and let L be the maximal tamely ramified extension of K in E ; we have [L : K] = e. By the formula for the transitivity of the discriminant, we have
where w (resp. w L ) is the normalised valuation of K (resp. L). It follows that c K (E) = c L (E). Next, notice that there are precisely e totally ramified extensions of K inK of degree e over K, since there are g = gcd(q − 1, e) isomorphism classes in T e,1 (K) (5.1.1), and each class [L] is represented by e/g extensions L ⊂K, Remark 5.2.5 The same dévissage reduces the proof of (5.2.3) for arbitray n to the case n = p r . Note that a proof of (5.2.2) for e prime ( = p) can also be found in [3] ( §8).
The orthogonality relation
Let us make some remarks about the special case e | q − 1. More precisely, suppose that the (cyclic) group µ e ⊂ K × of e-th roots of 1 has order e, and let M = K( e √ K × ) be the maximal abelian extension of K of exponent dividing e. We have the perfect pairing (3.1.1) 
, and let L 0 be the maximal unramified extension of K in L ; it is clear that K( Recall that T e,f (K) is defined as the set of K-isomorphism classes of finite separable extensions of K of ramification index e and residual degree f . We will see that it can be identified with the set of orbits for the
There is a canonical surjection T e,1 (K f ) → T e,f (K), and a canonical bijection T e,1 (K f ) → R e (K f ) (prop. 5.1.1, applied to K f ), so the question is : When are the extensions defined by two distinct ramified lines in K × f /K ×e f isomorphic as extensions of K (although they are not K fisomorphic) ?
The parametrisation of T e,f (K)
Recall that the set R e (K f ) carries a natural action of the group G f (4.2 ). It is the orbit space for this action of G f on R e (K f ) which parametrises T e,f (K) :
Proof. The proof is similar to that of (3.3.1), although there the extensions L, L ′ were kummerian whereas here they need not even be galoisian (over K f ). Suppose first that D ′ = σ(D), and let ̟ be a uniformiser of K f whose image generates D, so that the image of σ(̟) generates D ′ , and
Consider the (unique) K-automorphismσ of K f [T] such thatσ(a) = σ(a) for every a ∈ K f andσ(T) = T. Composing it with the projection
for some uniformiser ̟ of K f , and if we have a K-isomorphismσ : L → L ′ , then its restriction to the maximal unramified extensions of K in L and L ′ is a K-automorphism σ : K f → K f , and the uniformiser σ(̟) of K f has the e-th rootσ(
is galoisian over K if and only if the corresponding orbit consists of a single (G f -stable) D ∈ R e (K f ) and e | q f − 1.
Proof. Indeed, for L to be galoisian over K it must be galoisian over K f , which is equivalent to e | q f − 1, and further all its K-conjugates must coincide, which is equivalent to D being G f -stable (3.2.2).
The presentation of the group
Suppose that e | q f − 1 and let
is in T e,f (K) and galoisian over K (7.1.3). The inertia subgroup Γ 0 = Gal(L|K f ) of Γ = Gal(L|K) is canonically isomorphic to Hom(D, µ e ) = µ e , and the identification Γ 0 = µ e is G f -equivariant (3.2.2). We thus have an extension
and we would like to compute its class in H 
Proof. We will actually compute a presentation of the group Γ (as in [7] ) and observe that it is the extension corresponding to the class of D as defined in (4.4 ) .
Let π be a uniformiser of K and suppose that the G f -stable ramified line D is generated by (the image of) ξπ for some ξ ∈ k
Choose a generator τ of Γ 0 , so that τ ( e √ ξπ) = ζ e √ ξπ for a certain (generator) ζ ∈ µ e . Notice that N f (ξ) q−1 = 1, so N f (α) e = 1, and hence N f (α) = ζ s for some s (mod. e). As N f (α) ∈ k × , we must have (q − 1)s ≡ 0 (mod. e).
Also choose a liftσ ∈ Γ of the canonical generator σ ∈ G f (which acts on k × f as ( ) q ). Now, 
It follows thatσ f = τ s . Finally,
and henceστσ −1 = τ q . We have found that the group Γ (of order ef ) is generated by τ,σ , and the relations
But we have seen that the group (1.5.1) with this presentation has ef elements, so we have indeed found a presentation for Γ. This shows that the class of D is the same as the class of the extension (7.2.1).
Remark 7.2.3 Notice that the group Γ is commutative if and only if τ q = τ or in other words q ≡ 1 (mod. e) or still e | (q − 1). Prop. 1.6.4 says that Γ is cyclic if and only if moreover s is prime to gcd(e, f ).
Remark 7.2. 4 We have seen that the set T e,f (K) of K-isomorphism classes of finite separable extensions of K of ramification index e and residual degree f has the cardinality t|g f φ(t)/χ q (t), in the notation of (4.2.1), where g f = gcd(q f − 1, e). If e | (q f − 1), precisely g = gcd(q − 1, e) of these are galoisian over K. If e | (q − 1), all of them are abelian over K. These are the only galoisian or abelian cases. 
The invariants of an orbit
We have seen (7.1.2) that orbits for the action of G f on the set R e (K f ) of ramified lines in K × f /K ×e f correspond bijectively to extensions L ∈ T e,f (K) of K of ramification index e and residual degree f . We are now going to review a certain number of invariants of the G f -orbit which recover the invariants of L such as the galoisian closureL of L over K, or the smallest extensionL ofL for which the exact sequence 1 → Γ 0 → Γ → Γ/Γ 0 → 1 splits, where Γ = Gal(L|K) and Γ 0 is the inertia subgroup. These invariants are going to be attached to the orbit by choosing a representative D ∈ R e (K f ), and sometimes also a uniformiser π for K. It can be easily seen that these choices are immaterial.
As T e,f (K) contains no extensions galoisian over K unless e | q f − 1, let us make this hypothesis. Then L ∈ T e,f (K) is galoisian over K if and only if the corresponding G f -orbit consists of a single ramified line D (7. Now suppose that L ∈ T e,f (K) is galoisian over K (and in particular e | q f − 1). Then the class in H 2 (G f , µ e ) q of the extension (7.2.1)
is the same as the class of the corresponding G f -stable ramified line D (4.5.1), (7.2.2). Ifĉ is the order of this class, then the compositum LKĉ f is the smallest extensionL of L which is split over K in the sense that the short exact sequence 1 → µ e → Gal(L|K) → Gĉ f → 1 splits (2.4.4).
Examples
Recall the notation in force throughout the paper : K is a local field with finite residue field k of cardinality q, K f is the degree-f unramified extension of K with residue field k f , and e > 0 is an integer prime to q. The group Gal(K f |K) = Gal(k f |k) is denoted G f . The normalised valuation of K (resp. K f ) is w (resp. w f ). We denote by π a uniformiser of K, so that w f (π) = 1 for every f .
Example 7.4.1 Take q = 2 so that K is either a totally ramified (finite) extension of Q 2 or K = F 2 ((π)). For every odd e > 0 (and f = 1), the valuation w provides an isomorphismw : K × /K ×e → Z/eZ, so there is only one ramified line (namely the whole of K × /K ×e ) and hence K has a unique totally ramified extension of degree e (up to K-isomorphism), namely K( 2 , only one which (the one generated by any uniformiser π of K), is G 2 -stable while the other two ramified lines are in the same G 2 -orbit. So K has precisely two extensions (up to K-isomorphism) of ramification index 3 and residual degree 2, only one of which, namely L = K 2 ( 3 √ π), is galoisian over K ; it is also split over K in the sense that the short exact sequence of groups 1 → Gal(L|K 2 ) → Gal(L|K) → Gal(K 2 |K) → 1 admits a section ; it is the same as the S 3 -extension of K of the previous example. The galoisian closure of the other extension of K of ramification index 3 and residual degree 2, namely K 2 ( If q ≡ 3 (mod. 4) (so that q − 1 ≡ 2 and 1 + q ≡ 0), only L (0) and L (2) are galoisian over K (because 2 C = {ω 0 ,ω 2 }) but they are not abelian (because q − 1 ≡ 0 (mod. 4) To summarise, the set T 4,2 (K) always consists of four extensions when q ≡ 1 (mod. 2). If q ≡ 1 (mod. 4), then all four are abelian, but only two of them are split ; the other two (which are cyclic) split in T 4,4 (K). If Therefore the group Gal(L|K) for the l galoisian extensions L of K of ramification index l 2 and residual degree l admits the presentation (1.5.1) τ,σ | τ l 2 = 1,σ l = 1,στσ −1 = τ q defining the group H l 3 (the unique group of order l 3 and exponent l 2 which is not commutative). This completes the proof.
Example 7.4.10 As a final example, consider the case q ≡ 1 (mod. 2
2 ) or equivalently v 2 (q − 1) > 1. We have seen that every galoisian extension in T 2 2 ,2 (K) is in fact abelian. But for some m > 2, there might be galoisian extensions in T 2 m ,2 (K) which are not abelian. A necessary and sufficient condition for that to happen is that 2 m divide q 2 − 1 but not q − 1. In view of v 2 (q + 1) = 1, this condition is equivalent to v 2 (q − 1) = m − 1. 8 Acknowledgements One of the authors (CSD) wishes to express his heartfelt thanks to Rakesh Yadav, Georg-August-Universität, Göttingen, for supplying [5] , and to M. Franck Pierron, Université Paris-Sud, Orsay, for supplying [11] .
